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Learning the Cascade Juggle: 
A Dynamical Systems Analysis 
P. J. Beek 
Faculty of Human Movement Sciences 
Vrije Universiteit of Amsterdam 
and Center for the Ecological Study of Perception 
and Action, 
University of Connecticut, Storrs 

A. A. M. van Santvoord 
Faculty of Human Movement Sciences 
Vrije Universiteit of Amsterdam 

ABSTRACT. How beginning jugglers discover the temporal 
constraints governing the juggling workspace while learning to 
juggle three balls in a cascade pattern was the subject of this 
investigation. On the basis of previous theoretical and experi- 
mental work on expert jugglers, we proposed a three-stage 
model of the learning process, for which objective evidence 
was sought. The first stage consists of learning to accommo- 
date the real-time requirements of juggling, as expressed in 
Shannon’s equation of juggling, which states that, averaged 
over time, the cycle time of the hands should be a fixed pro- 
portion of the cycle time of the balls. The second stage of 
learning consists of discovering the primary frequency lock of 
.75 between the shorter term dynamical regime underlying the 
repetitive subtask of transporting a ball and the longer term 
dynamical regime underlying the total hand loop cycle. The 
third and last stage of learning consists of discovering the prin- 
ciples of frequency modulation from .75 to lower (averaged) 
values of the proportion of time that a hand carries a ball dur- 
ing the total hand cycle time. Twenty subjects were taught to 
juBgle three balls in a cascade pattern. Ten subjects were trained 
with the aid of an instructor and a metronome, and 10 with the 
instructor only. The metronome proved to be of no particular 
additional help, but the timing results obtained were in agree- 
ment with the proposed three stages of learning. The picture 
that emerged from this study was that learning a new motor 
skill involves the discovery of invariances or fixed points in the 
perceptual-motor workspace associated with that skill, from 
which excursions can be made and the skill further refined. Be- 
cause these fixed points afford stability of operation, discover- 
ing them logically and factually precedes the acquisition of the 
functional adaptability and flexibility of operation (“flair”) 
inherent to frequency modulation. 

Key words: dynamical systems approach, juggling, motor 
learning, motor skill acquisition, nonlinear dynamics, relative 
timing. 

ow the ability to successfully coordinate and con- H trol new movements is acquired is one of the most 
challenging problems in movement science. To date, 
there is neither a full-fledged theoretical framework nor 
an agreed-upon experimental methodology to approach 
this problem. Currently, however, there are some in- 
teresting new developments in this area, inspired by 
dynamical systems theory, as testified to by the articles 
collected in this single-theme issue. After about a decade 
of investigating the formative principles at work in the 
context of movement coordination and control with the 
tools and concepts of nonlinear dynamics, the prospects 
of a dynamical theory of motor skill acquisition have 
become real (Beek, 1989a, 1989b; Fowler & Turvey, 
1978; Haken, Kelso, & Bunz, 1985; Kelso, 1984; Kugler, 
Kelso, & Turvey, 1982; Saltzman & Kelso, 1987). 

From a dynamical systems perspective, learning a new 
motor skill is generally viewed as the transition from 
one particular dynamical state to another, which con- 
fronts the researcher with the problem of identifying (a) 
the (sometimes “fuzzy”) dynamics of the initial move- 
ment pattern, (b) the attractor state of the movement 
pattern toward which the system evolves, and (c) the dy- 
namical principles that govern the transition. Roughly 
speaking, two dynamical approaches to this problem 

Correspondence concerning this paper should be addressed 
to Peter J. Beek, Department of Psychology, Faculty of 
Human Movement Sciences, VrQe Universiteit of Amsterdam, 
Van der Boechorststraat 9, 1081 BT Amsterdam, The 
Netherlands. 
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area may be distinguished, each with its own merits and 
drawbacks. The first employs concepts from synergetics 
in studying learning and recall (Schoner, 1990; Schoner 
& Kelso, 1988a, 1988b; Zanone & Kelso, in press). Syn- 
ergetics provides an interdisciplinary, strictly opera- 
tional conceptual framework for studying pattern for- 
mation in complex systems (Haken, 1977, 1983), that 
derives its unity from a set of generalized mathematical 
principles. The second approach, sometimes called the 
natural-physical approach (Kugler, 1986), is more hy- 
brid in its choice of physical concepts and focuses on ex- 
plorations of perceptual-motor workspaces (Newell, 
Kugler, van Emmerik, & McDonald, 1989). 

The basic strategy adopted in the synergetic approach 
is first to identify the intrinsic dynamics of a particular 
task’s execution, preferably one that involves two stable 
phase relations and a phase transition between them 
(such as in the well-known experiments on finger and 
hand coordination by Kelso and his colleagues; cf. 
Haken et al., 1985; Kelso, 1984). The next step is to en- 
dow the behavioral information specifying a to-be- 
learned movement pattern with dynamics, for example, 
the extrinsic dynamics, and to dynamically model the 
transition from the initial intrinsic dynamics to the in- 
trinsic dynamics of the learned movement pattern in 
terms of competition and/or cooperation between the 
intrinsic and the extrinsic dynamics. By treating, for in- 
stance, a temporally structured environment (i.e., a 
metronome) as a dynamic acting on the intrinsic relative 
phase dynamics of finger movements, Schoner and 
Kelso (1988a. 1988b; Schoner, 1990) were able to show 
how these environmental forces cooperate or compete 
with the forces corresponding to the intrinsic dynamics 
in the transition to the required movement pattern. 
Recently, the predictions from this work have received 
experimental confirmation in a study by Zanone and 
Kelso (in press), who showed that learning may indeed 
be characterized as a nonequilibrium phase transition, 
namely, a qualitative change in the dynamics underlying 
coordination. Such endeavors address a restricted class 
of learning phenomena because the initial state cannot 
be “fuzzy” but needs to be well defined (e.g., by virtue 
of the bistability of the initial movement pattern), as is 
the case for the end state. Under these circumstances, 
the transition from the initial state to a new state can be 
studied rigorously. 

The natural-physical approach, in contrast, has been 
concerned primarily with the search strategies employed 
by skill learners in exploring particular perceptual- 
motor workspaces. A problem confronted in this ap- 
proach is that it requires, ideally, that the attractor 
layout over which the search takes place be known a 
priori, which is especially difficult because this attractor 
layout develops as a function of practice (i.e., of the ex- 
ploratory behavior itself). To  circumvent this problem 
of the nonstationarity of the workspace and to make the 
approach experimentally tractable, one may introduce a 

task criterion in the form of an externally defined task 
space potential, such as in the Krinskiy and Shik task 
studied by Newell et al. (1989; cf. Fowler & Turvey, 
1978). In a sense, such an externally defined task dy- 
namics is the exact opposite of the intrinsic dynamics of 
a task such as finger wiggling, in that the internal con- 
straints of the human action system largely determine 
the latter and are irrelevant to the former. Typically, 
however, the attractor layout of the workspaces associ- 
ated with complex motor actions involving tools or im- 
plements results from the interplay between organismic, 
environmental, and task constraints (Newell, 1986), and 
from none of these sources alone. 

Both the synergetic strategy of identifying principles 
of learning and recall and the strategy of identifying the 
search strategies used in learning require that either the 
attractor layout of the initial and end state dynamics (in- 
trinsic dynamics) or of the to-be-learned task dynamics 
(external dynamics) be known. In learning a new motor 
skill, however, the initial intrinsic dynamics are general- 
ly very difficult to assess as long as the skill in question 
cannot be performed, and the externally defined dy- 
namics of the task criterion are usually opaque as well. 
Thus, as it stands now, the synergetic approach is con- 
fined to studying learning phenomena as order-order 
transitions only, whereas the natural-physical approach 
is restricted to studying exploration in externally defined 
workspaces that circumvent-but d o  not solve-the 
problem of the nonstationarity of the global workspace 
defined over actor and environment. A wide and argu- 
ably most interesting class of learning involves “dis- 
order-order” transitions, in the sense that the work- 
space has to be set up first and gradually developed 
next. Nonstationarity of the workspace is an outstand- 
ing characteristic of this type of transitions. 

To “get a handle” on these issues in motor skill learn- 
ing, this article reports on research that pursued a third, 
alternative strategy. The strategy starts by identifying 
the dynamics of the end state toward which the learning 
process evolves rather than the intrinsic dynamics of the 
initial state or the dynamics associated with an external- 
ly defined target state. It is based on the conviction that 
precise knowledge of what is being learned, obtained 
from extensive study of expert performance, (ideally) 
precedes attempts to come to terms with questions as to 
how learning takes place. Once the laws and regularities 
of a well-mastered skill are known, a frame of reference 
becomes available in relation to which the changes in a 
learning process may be interpreted. Such an approach, 
however, has to be based on the assumption that the 
skill learner follows a path that leads continuously (in 
the technical, mathematical sense of integrability) to the 
dynamical end state of the very skillful. This assump- 
tion is valid if a neural network that relaxes to some end 
state (i.e.. the expert state) can, in principle, be used to 
model the learning phenomena in question. It does not 
imply that saltatory phenomena or other discontinui- 
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Learning the Cascade Juggle 

ties, such as transitions between coordinative styles, 
should be absent. 

With these aims in mind, our efforts in recent years 
have been directed at uncovering the perceptual-motor 
workspace of cascade juggling (a figure-eight pattern in- 
volving an odd number of objects; see Figure 1) of ex- 
pert performers, especially in terms of the temporal and 
spatial constraints governing the attractor layout of this 
workspace. 

The advantage of studying a perceptual-motor work- 
space of a demanding skill such as cascade juggling is 
that this skill involves such severe temporal and spatial 
constraints that the task solutions that can be achieved 
by the juggler are small in number and can be described 
precisely. In the present article, we focus on the tem- 
poral constraints on juggling and seek a description of 
the process of learning the cascade juggle in terms of 
learning to accommodate these constraints. 

Cascade juggling is a complex, cyclic activity that is 
intrinsically rhythmic. Because of the severe nature of 
the temporal constraints, we are, in this particular case, 
and contrary to many other rhythmic activities, able to 
define precisely what is meant by the term “intrinsically 
rhythmic”: A pair of coordinated hands (H = 2) 
manipulate N balls such that, averaged over time, N* of 
them are airborne. The act has to match the average 
flight time (t,) of the ball so that it comprises N*/H 
times the average cycle period of one hand (fh). The con- 
straint implies that, for cascade juggling to take place, 
there has to be a locking at the macroscopic level of task 
execution between the average frequency of the hand 
[ 2 ~ / t ,  = 2r/(tl + t ,),  where 1, is the average time that a 
hand is loaded with a ball and t ,  is the average time that 
a hand moves empty, i.e., unloaded] and the average 
frequency of the balls [2r/t, = 2r/(tl + tf)], so that 
f b / t h  = N / H  (Beek, 1989a, 1989b). In other words, the 

classica Iorces 

biological forcss 
- - - - - - - 

kinematic flow lieid 

FIGURE 1. Schematic representation of juggling three 
balls in a figure-eight pattern, momentary situation & is 
the angle of release; v, is the velocity of the ball at the 
moment of release; h is the height to  which the balls are 
thrown relative to  the point of release; CNS is the cen- 
tral nervous system. 

juggling hands and juggled balls must satisfy a general 
timing requirement in which the ratio of hand cycle time 
to ball cycle time must, on average, equal the ratio of 
number of hands to number of balls. This timing con- 
straint was identified first by Claude Shannon (cf. 
Horgan, 1990; Raibert, 1986). It applies to all juggling 
patterns and may, therefore, be called the common 
equation of juggling. It is the basic temporal constraint 
of juggllng that has to be satisfied in order to perform a 
sustained act. 

It has been argued by one of the authors (Beek, 
1989a; Beek & Turvey, 1991) that, in addition to the 
common equation of juggling, a second, more micro- 
scopic mode-locking principle plays a role. This princi- 
ple is expressed by the formula W(tl - 1,) = (t l  + t,), 
where W is the winding number for the internal 
organization of a juggling hand cycle. This principle 
would result in mode locking (i.e., fixed propor- 
tionalities) between the shorter term (t,)  dynamical 
regime underlying the repetitive subtask of transporting 
a ball and the longer term ( t ,  + t,) dynamical regime 
underlying the rhythmic movement of the hand, if W is 
an integer. This can be seen by taking k = t , / ( t l  + t,) 
and rewriting W(t, - 1,) = (tl + t,) into W{k - (1 - 
k)} = 1 or k = .5(1 + W-I). The importance of the lat- 
ter expression is that its suggestion that W = 2 (leading 
to the value of k = .75) is the lowest possible integer 
value of W at which mode locking can be achieved, for 
W = 1 represents the physically impossible case of k = 
1 (i.e., all hands occupied with balls at all times). It also 
suggests that W = 2 leads to the most stable act, be- 
cause it is generally known from nonlinear dynamics 
that periodic behavior at winding numbers composed of 
small integers (i.e., 1:1, 1:2, 1:3) is more stable than at 
winding numbers composed of larger integers. 

These suggestions were confirmed in experiments on 
expert cascade jugglers (Beek, 1989a, 1989b, in press), 
which revealed that in the case of juggllng five and seven 
balls, the ratios of time taken up by carrying a ball to a 
hand’s cycle time were indeed always close to .75, on 
average, regardless of the absolute frequency of jug- 
gling. In the case of juggling three balls, k had a tenden- 
cy to be lower than .75: It varied between .54 and .86, 
with a mean of .70, and was, to some degree, a function 
of the absolute cycle frequency. These results suggest 
that k = .75 defines a preferred point in the dynamical 
workspace of cascade juggling but is not an obligatory 
property of juggling in the same way as the common 
equation of juggling, which has to be obeyed at all times. 
In juggling five and seven balls, W = 2 seems to be the 
only winding number at which mode locking can be 
achieved. For the less demanding act of juggling three 
balls, however, higher rational winding numbers may be 
attained by expert performers up to W = 12 (k = 34). 

By regarding the value of .75 as the first and most 
stable frequency lock between the time a hand carries a 
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ball and the total hand cycle time, we could define a 
measure of the degree of frequency modulation (i.e., 
quasiperiodicity) to which the individual k values in the 
three-ball experiments related linearly with an intercept 
of k = .75 (see the Appendix for a more elaborate 
mathematical model for frequency locking at, and fre- 
quency modulation around, the value of .75). 

The picture emerging from this theoretical and em- 
pirical work is that (cascade) jugglers essentially juggle 
according to the same blueprint, even though this in- 
variance may be obscured in the case of juggling three 
balls, in which the spatiotemporal liberties are such that 
considerable modulation, involving higher-order fre- 
quency locks, may take place in expert jugglers. Fur- 
thermore, the modulation of the component frequencies 
of juggling in the direction of k values smaller than .75 
proves to be a skill in itself, as it is directly associated 
with a larger time-averaged number of airborne objects 

In sum, the “motor problem” of juggling, to use 
Bernstein’s (1967) apt term, is to a considerable extent a 
problem of appropriate timing (cf. Austin, 1976). 
Hence, in large part, the problem of learning to juggle is 
that of mastering these timing relations. From the iden- 
tified principles of timing in juggling, the following hy- 
pothetical picture of the learning process of juggling 
emerges, involving three sequential stages in the evolu- 
tion of the attractor layout: (a) accommodating the real- 
time requirements of the common equation of juggling, 
that is, achieving coarsely tuned (N:H)  mode locking 
between the frequency of the balls and the frequency of 
the hands. During this stage, the k variable is expected 
to be different from .75 and not expected to change sys- 
tematically; (b) accommodating the requirements for 
the internal partitioning of a juggling hand cycle at the 
lowest possible integer winding number ( W  = 2, k = 
.75), that is, achieving finely tuned mode locking be- 
tween the time that a hand carries a ball and the total 
hand cycle; and (c) discovering and obeying the rules of 
frequency modulation, involving complex transients to 
higher-order mode locks of k, so that the time-averaged 
number of airborne balls is increased and room is creat- 
ed to juggle with flair (great flexibility). Thus, each 
stage is associated with specific task criteria that the jug- 
gler attempts to achieve. 

In the present study we investigated whether these 
hypothetical stages of the skill acquisition process of 
juggling, in particular the key role assigned to the mode- 
locked solution of k = .75, would be reflected in timing 
data obtained during the learning process of 20 people 
who had never juggled before. To appreciate this point, 
it is important to realize that, as explained above, the 
mode-locked solution of k = .75 is not the only solu- 
tion available. This study did not address such questions 
as how novices develop strategies to go from one stage 
of learning to the next or why one individual requires 
less time than another to find such strategies. Instead, 

(N* = N - kH). 

we sought objective evidence for each learning stage 
identified above. 

Novices were taught to execute the cascade pattern by 
a professional teacher. In addition to the instructor, 10 
of them were allowed to make use of an auditory learn- 
ing aid in the form of a metronome with whose fixed 
beep-beep interval the juggler could synchronize the 
throwing (or catching) actions of the hands. We ex- 
pected that the metronome would be of help in stabiliz- 
ing the macroscopic frequency of juggling by fixing the 
hand cycle time relative to  the ball cycle time and thus 
facilitating the discovery of the mode-locked solution of 
k = .75 (even though the metronome beeps do  not 
specify this value). After all, when a particular parti- 
tioning of an interval is called for, it may be helpful if 
that interval has a fixed, externally defined value. 

Method 

Su bjecrs 

Thirteen female and 7 male students participated in 
the experiment. At the onset of the experiment, none of 
them was able to juggle or had ever tried to learn how. 
Their average age was 21.1 years with a standard devia- 
tion of 3.3 years. The only knowledge they had of the 
experiment was that they were going to  learn to cascade 
juggle with three balls (so-called stage balls: diameter 
7.3 cm, weight 130 g). 

Procedures 

Over a period of 2 weeks, the subjects attended 10 
practice sessions of 1/2 h each. Practice outside these 
sessions was not allowed. The subjects were instructed 
by a professional juggler who was also an experienced 
teacher. At the beginning of the first session, the novices 
were instructed to learn the cascade in a stepwise 
fashion, according to the following instructions. 

1.  Take one ball and throw it from one hand to 
the other. Throw it from about waist height to a 
point level with the top of your head. 

2. Hold one ball in each hand, throw the right- 
hand ball in an arc toward your left hand. As it 
peaks, throw the second ball in an arc underneath it 
toward the left hand. Catch the first ball in your 
left hand and the second in your right. 

3. Hold two balls in your right hand and one in 
your left. Throw the first ball in your right hand 
toward your left one. As it peaks, throw the ball in 
the left hand toward the right. As the second ball 
peaks, throw the final ball from your right hand. 
Catch none of the balls. 

4. Do as before, but now catch the balls and 
throw them as the previously thrown ball peaks. 
Keep on repeating the sequence, and you are jug- 
gling. 
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Learning the Cascade Juggle 

After these initial steps, the subjects attempted to sus- 
tain juggllng as long as possible, while receiving 
individual-specific instructions from the teacher. 

During all 10 sessions, the subjects themselves kept 
track of their improvements by counting the number of 
consecutive throws that resulted in a successful catch. 
They reported to the experimenters each time they ac- 
complished an additional complete juggling cycle (N x 
H hand cycles), beginning with one complete juggling 
cycle (six consecutive throws and six consecutive catches), 
two complete cycles, three, and so on, up to six. These 
moments in time were registered by the experimenters, 
and the subjects were invited to juggle one complete jug- 
gling cycle in front of the camera after each criterion. 
These recordings will be referred to as the cycle trials 
and will be used to investigate the early phase of learn- 
ing. The instructor and the two experimenters followed 
the progress being made by each subject as closely as 
possible, to check on the self-report method. 

After three sessions, the subjects were divided into 
two equally skilled groups on the basis of the progress 
they had made, defined as the number of cycles the in- 
dividual subjects were able to juggle at that moment in 
time, so that the two groups could be matched (pair- 
wise) for initial learning rate. 

During the following seven sessions, one group prac- 
ticed with an auditory metronome present, and the 
other group without. At the beginning of a session, the 
metronome was set at a frequency of 1.66 Hz, which 
corresponds to a k value of .75 when the balls are 
thrown to a height of 1 m (relative to the waist-high 
throw position). During training, the subjects were en- 
couraged to freely set the pace of the metronome to a 
desired value. The selected frequencies ranged between 
1.5 and 1.8 Hz. The subjects were instructed to syn- 
chronize either their throwing or their catching actions 
with the beeps produced by the metronome. 

All subjects were filmed at the beginning of the 4th 
session (pretest), during the 7th session (midtest), and at 
the end of the 10th session (posttest). On each test occa- 
sion, two complete juggling cycles, that is, 12 hand cy- 
cles (2 x 3 balls x 2 hands), were recorded, always 
without the metronome. These recordings will be re- 
ferred to as the test trials and will be used to investigate 
the effect of the metronome. Multiple registrations (of 
shorter bouts of juggling) were made of those jugglers 
who could not accomplish this feat at the time of the 
pretest, so that we would end up with an equal number 
of observations for all subjects. 

The juggling metronome. A program running on a 
personal computer produced the sound stimulus for the 
instructor-plus-metronome group. The program was so 
designed as to produce tones of 50-ms duration alter- 
nating on the left (220 Hz) and the right (275 Hz) chan- 
nel, and with an interval time corresponding to the time 
between a throw (or catch) with one hand and the suc- 
cessive throw (or catch) with the other hand. The dura- 
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tion of the beep-beep interval could be changed on line 
by the subjects by adjusting a parameter on the com- 
puter menu. 

Data A cquisition 
The subjects were filmed with a 16-mm high-speed 

motion picture camera (Teledyne type DBM 55, Tele- 
dyne Camera Systems, Arcadia, CA) running at a frame 
rate of 100 Hz. The camera was placed in front of the 
subjects, at a distance of 6 m. The focus of the zoom 
lens was adjusted so that the subject and all the ball tra- 
jectories were in view of the camera. A flashing light 
with a fixed frequency of 2.0 Hz was placed right behind 
the subject so that the nominal and the actual frame rate 
of the camera could be compared in later analyses. A 
plumb line suspended from the ceiling defined the gravi- 
tational vertical. 

After professional development and further process- 
ing, the films (Kodak 7251, Ektachrome high-speed 
daylight film, 400 ASA) were projected onto the opaque 
screen of a film motion analyzer (NAC type MC OF) by 
means of a 16-mm projector (NAC type RH 16OF), con- 
nected to a personal computer. The position of the pro- 
jector was adjusted to align the plumb line with the ver- 
tical axis of the screen. Frame by frame, the x- and 
y-coordinates of the centers of the balls were digitized, 
fed into the computer, and stored on floppy disk for 
later analysis. The actual frame rate of a trial was 
estimated by averaging the number of frames between 
the onsets of the flashlight over the digitized trial. The 
actual frame rates varied between 102.0 Hz and 111.0 
Hz over the recorded trials. The actual frame rates pro- 
vided the correct time basis in the subsequent computa- 
tion of the duration of the various time components in 
juggling. 

Data Reduction 
The following procedure was used to identify the mo- 

ments of catch and release: First, the raw displacement 
data were filtered with a recursive second-order Butter- 
worth filter (cut-off frequency: 10 Hz). This procedure 
was run through forward and backward to eliminate the 
phase shift (Lees, 1980; Wood, 1982). The filtered dis- 
placement data along the y-axis were differentiated to 
obtain the velocity of the ball in the vertical direction. 
Subsequently, a peak-finding algorithm, involving ex- 
trapolation techniques, was used on the velocity trajec- 
tories of the balls to determine the temporal locations of 
throwing (positive peak velocity) and catching (negative 
peak velocity). 

From these moments in time, the individual values of 
the following temporal variables were calculated: time 
flight &), the time between a throw and a catch of the 
same ball; time loaded ( t l i ) ,  the time between a catch and 
a successive throw of the same ball; time unloaded (tui), 
the time between a throw and a successive catch per- 
formed by the same hand; hand cycle time (r,, = t,i + 
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I",), and the ratio of time loaded to hand cycle time (k ,  
= f ] , / t h , ) .  For each recorded trial, the mean values of 

f h (  = Cthl/n) and k ( =  Ck,/n) were computed (n = 6 
for the cycle trials and n = 12 for the test trials) for later 
statistical use. The inaccuracy of measuring these varia- 
bles was one frame at most, which corresponds to max- 
imal errors in estimating time loaded and time unloaded 
of 1.5 and 4.5'70, respectively; due to interdependency 
of errors this results in a maximal error in the ratio of 
time loaded to hand cycle time of less than 1%. 

Results and Discussion 

Cycle Trials 
After three practice sessions, at the time of the pre- 

test, all subjects were able to juggle at least one com- 
plete cycle. There were, however, considerable individu- 
al differences in the amount of progress made up to that 
point in time, as can be observed from Figure 2A, which 
shows the amount of practice required for each individ- 
ual subject to  perform n complete juggling cycles (n 
from 1 to 6). Figure 2B shows the averaged data and the 
associated between-subject variability. As can be seen, 
the averaged learning rate was almost linear. On aver- 
age, subjects could juggle 3.4 complete cycles after the 
90 min of practice leading up to the pretest. 

To test the hypothesis that in the first stage of learn- 
ing subjects are striving to satisfy the task constraint im- 
posed by the common equation of juggling, we calculat- 
ed a compound measure ( z , )  for the deviation from this 
equation for each individual handlball cycle (defined as 
t,, and the subsequent t,, and t l), according to the for- 
mula: 

2, = { [ (N/H) - ll(tl/")} + WLl/fft,) - 1,  
which can be derived directly from the common equa- 
tion of juggling [(tl + t , ) /H  = (t, + t,)/N]. From these 
individual I, values, the mean absolute deviation ( 1  z I )  
from the common equation of juggling over a juggling 
cycle (n = 6) was computed by taking 

2; 
) I ) =  I ;  c - .  n l  

A repeated-measures ANOVA on the I z I scores of 
the cycle trials (1 to 6) revealed a significant main effect 
for the cycle trial number, F(5,  95) = 5.87, p < .OOO1. 
Further analysis of the data revealed that the I z I 
scores on the cycle trials, which are summarized in 
Table 1, decreased systematically with increasing per- 
formance, indicating that ball cycle time and hand cycle 
time become better entrained as longer bouts of juggling 
can be sustained, as was expected from theory. 

Table 1 shows that the k values attained during the 
first cycles of juggling were slightly higher but still re- 
markably close to  .75. A repeated-measures ANOVA on 
the k scores per cycle showed no significant effect of cy- 
cle trial number, F ( 5 ,  95) = 1.33, p > .lo, suggesting 
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FIGURE 2. (A) Individual learning curves: number of 
undisturbed juggling cycles versus minutes of practice; 
(B) Learning curve averaged over subjects, with the 
between-subject standard deviation indicated by hori- 
zon tal bars. 

that k does not change during the early phase of learn- 
ing. The mean value of all ks observed during the six cy- 
cle trials was .76, which proved to be significantly high- 
er than .75 in a two-tailed 1 test, t(199) = 3.16, p < 
.005. The th values were close to 1 s and decreased syste- 
matically as learning progressed, 0 5 ,  95) = 3.98, p < 
.005. 

Test Trials 
Table 2 summarizes the main experimental test results 

in terms of the mean k and t ,  values (and their standard 
deviations) for the instructor-plus-metronome (IM) 
group and the instructor-only (10) group, respectively. 
As was found in the analysis of the cycle trials, the 
group means for the k values obtained were in the vicini- 
ty of .75 (only the k values achieved by the 1M group on 
the pretest were significantly higher than .75, t(9) = 
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Learning the Cascade Juggle 

TABLE 1 
Means (and Between-Subject Standard Deviations) 

of I z I (-), k (-), and fh (8) on the Cycle Trials 

Cycle number 
1 2 3 4 5 6 

I z I .05 .03 .02 .01 .02 .01 
(.04) (.03) (.01) (.01) (.01) (.01) 

k .76 .76 .77 .76 .76 .75 
(.05) (.03) (.03) (.04) (.05) (.05) 

t h  1.08 1.05 1.03 .98 1.01 .99 
(.11) (.09) (.09) (.11) (.14) (.12) 

Note. N = 20 subjects. 

TABLE 2 
Means (and Between-Subject Standard 

Deviations) of k and the Absolute Value of t h  
(in s) on the Test Trials for the 

Instructor-PlusMetronome Group (IM) and 
the Instructor-Only Group (10) 

Pretest Midtest Posttest 
Group k th th 

~ ~~ ~~~~~ ~ 

IM .78* .93 .75 .90 .75 .88 
(.04) (.13) (.06) (.15) (.04) (.14) 

I0 .77 1.08 .76 .94 .74 .90 
(.06) (20) (.04) (.16) (.04) (.16) 

M .77 1.00 .76 .92 .74 .89 
(.05) (.19) (.05) (.IS) (.04) (.IS) 

Note. Both groups were comprised of 10 subjects. 
= significantly different from .75 at the .05 level on a one- 

tailed t test. 

~ 

TABLE 3 
Means (and Between-Subject Standard 

Deviations) of k and the Absolute Value of th (in 
8) on the Test Trials for the Faster Learning 

Group (FL) and the Slower Learning Group (SL) 

Pretest Midtest Posttest 
Group k th th  th 

I 
SL .79* 1.06 .78 .98 .76 .93 

(.04) (.18) (.05) (.12) (.03) (.13) 
FL .75 .94 .74 .85 .73* -84 

(.05) (.18) (.05) (.16) (34) (.16) 
M .77 1.00 .76 .92 .74 .89 

(.05) (.19) (.05) (.15) (.04) (.IS) 

Nofe. Both groups were comprised of 10 subjects. 
= significantly different from .75 at the .05 level on a one- 

tailed t test. 

1.88, p < .05, one-tailed), whereas all group means for 
the t h  values obtained in the test trials were close to 1 s. 
Hence, the mean values obtained for the two groups dif- 
fered very little. Indeed, ANOVAs of the k and t h  values 
with factors group (IM and 10) and test moment (pre- 
test, midtest, and posttest values), with repeated meas- 
ures on the last factor, confirmed that the addition of 
the metronome had not made a significant difference 
with regard to the k and t h  values obtained, F(1, 18) = 
0.00 for the k values, and F(1, 18) = 1.24, p > .10 for 
the t h  values. The only significant effects found were 
main effects on k and t h  for the test moments, 4 2 ,  36) 
= 4.73, p < .02 for the k values, and F(2, 36) = 14.84, 
p < .OOO1 for the t h  values, indicating that the k Values 
as well as the t h  values decreased systematically for both 
groups in the course of the experiment. 

To gain further insight into the learning process in 
terms of the time-evolution of the k and t h  values, we re- 
grouped the subjects into a group of faster learners (FL) 
and a group of slower learners (SL). To this end, we de- 
fined the 10 subjects who first reported to have success- 
fully accomplished six complete juggling cycles as fat- 
er, the other 10 as slower. As it turned out, both groups 
were comprised of 5 subjects from the instructor-plus- 
metronome group and 5 subjects from the instructor- 
only group. 

The mean k and t h  values for these two new groups 
are collected in Table 3. From this table it can be seen 
that, whereas the mean k and t h  values for both the fast- 
and the slow-learning group decreased systematically in 
the course of the experiment, the slower learners pro- 
duced k and t h  values that were higher on average on 
each test occasion than those attained by faster learners. 
Repeated-measures ANOVAs with factors group (SL 
and FL) and test moment confirmed these observations 
statistically by revealing the following significant main 
effects: test moment, F(2, 36) = 4.54, p < .02, for the k 

ues; group, F(1, 18) = 4.76, p < .05, for the k values; 
and F(1, 18) = 6.22,2p < .05, for the t ,  values. Interac- 
tion effects were not significant, ps > .lo. 

On average, the SL group juggled at k values larger 
than .75 and gradually lowered their k values in the di- 
rection of k = .75, whereas the FL group already jug- 
gled at k = .75 by the time of the pretest and gradually 
learned to achieve k values smaller than .75. The k val- 
ues produced by the slower learners during the three 
tests were, when taken together, significantly higher 
than .75, r(29) = 3.19, p < .005, two-tailed, sample 
mean k = .77; whereas the total set of k values of the 
faster learners were not significantly different from .75, 
t(29) = - 1.44, p > . lo,  two-tailed; sample mean k = 
.74. Importantly, the k values achieved by the SL group 
on the pretest were significantly higher than .75, r(9) = 
2.72, p < .02, one-tailed; whereas those achieved by the 
FL group were not. Conversely, on the posttest, the k 
values produced by the FL group were significantly low- 

Values; and 0 2 ,  36) = 11.60, p < .OOO1, for the t h  Val- 

March 1992, Vol. 24, No. 1 91 

D
ow

nl
oa

de
d 

by
 [V

rij
e 

U
ni

ve
rs

ite
it 

A
m

ste
rd

am
], 

[P
et

er
 B

ee
k]

 a
t 0

4:
10

 1
3 

A
ug

us
t 2

01
5 



P. J. Beek & A .  A. M. van Santvoord 

4 - 

3 -  

er than .75, t(9) = - 1.81, p < .05, one-tailed; whereas 
those produced by the SL group were not. 

Although at the time of the pretest the FL group jug- 
gled at k = .75, indicating that they had already attained 
the primary mode-locked solution, analysis of their k 
values produced on the cycle trials recorded before the 
pretest (i.e.. up to the time they were able to juggle five 
complete cycles) revealed that they too had started at k 
values significantly larger than .75, t(49) = 1.82, p < 
.05, one-tailed, sample mean k = .76. 

General Discussion 
In the past, acquiring the skill of juggling has been 

described as a process of (a) “debugging” (Minsky & 
Papert, 1972), (b) “intellectually” constructing motor 
programs (Austin, 1976), and (c) discovering specific 
“grammatical” rules (Norman, 1976; Steiner, 1988). 
Clearly, what these studies have in common is that the 
learning process of juggling is viewed as the formation 
of a cognitive representation, for example, of an 
abstract control structure. 

Although we do not wish to belittle the role of cogni- 
tion in learning to juggle, the concept of a cognitive 
representation has drawn at tention away from the dy- 
namical principles at work in skill acquisition. Quite a 
different picture of learning to juggle emerges from the 
dynamical systems perspective adopted in this study. 

In the present investigation, we focused on quantita- 
tive, theoretically based descriptions of the three stages 
of learning to juggle a three-ball cascade pattern. By 
and large, the results obtained from novices are in 
agreement with a three-stage learning hypothesis that we 
formulated on the basis of our insights into the expert 
juggler’s performance (see Figure 3). 

In Stage 1 of learning, the novice is busy actively 
discovering the real-time requirements of juggling as ex- 
pressed in the common equation of juggling. Hands and 

STAGE 1 STAGE 2 STAGE 3 
accommodaling the I probing lor k = 314 
Shannon equalion (W = 2 mode lock (higher-order mode 
(mode locking I between 11 lu  and I locks and lrequency 
between hands and I 11 + l u )  I modulalion) 
balls) 

probmg lor W > 2 

I 
I 
I 
I 
I 
I 
I 

1 1  

I k  
0 63 

0 67 

0 75 

- 
log number 01 undisturbed juggling cycles 

FIGURE 3. Theoretical picture of the three phases of 
learning the cascade juggle. 

balls come to move in the same time frame, and the 
basic challenge confronted is to ensure that the events 
associated with the hands match the events associated 
with the balls in time (e.g., catch when there is a ball to 
catch). Once this has been achieved, the first few juggl- 
ing cycles can be performed, allowing the novice to 
begin to explore how the internal timing of a juggling 
hand cycle should be partitioned to obtain a stable per- 
formance (Stage 2). 

The start of Stage 2 of discovering the primary f i e d  
point of k = .75 may be defined operationally when the 
k variable begins to drift. As we have seen, the k values 
attained in the first few complete juggling cycles are 
somewhat higher than .75, indicating that the winding 
number for the internal organization of the juggling 
hand cycle is still below its first possible locking value 
( W  = 2). although very close to it. This fact, in itself, 
shows how intimately the value of k = .75 is tied to the 
temporal order of juggling required to sustain the act 
for any length of time, as internal mode locking between 
the repetitive subtasks of the hand lends stability to the 
system. The importance hereof could be further sub- 
stantiated by analyzing the subtle but important differ- 
ences in k that were found between faster and slower 
learners. The slower learners (SL) produced k values 
that were slightly but significantly higher than .75 (ca. 
.77) and had considerable difficulty in braiding the 
singular events of catching and throwing of individual 
balls together into a continuous flow. Their learning 
process may be viewed as one of finding the mode- 
locked solution of k = .75. In contrast, the faster 
learners (FL) had already produced k values significant- 
ly higher than k before that time. The faster learners ap- 
parently had no great difficulty achieving a smooth per- 
formance, as indexed by the amount of practice time re- 
quired to juggle for a certain length of time without 
disruptions. Their efforts during the last seven sessions 
may therefore be characterized as finding the principles 
of frequency modulation around the symmetry solution 
of k = .75, allowing them to attain smaller k values 
than k = .75 without jeopardizing the integrity of their 
performance. Hence, the FL group quickly entered 
learning Stage 3. 

Stage 3 of learning is characterized by frequency 
modulation away from the mode-locked value of .75. 
The degree to which the FL jugglers in the present ex- 
periment managed to achieve this, however, was still 
very small, especially when their performance is com- 
pared to expert jugglers, who prefer to juggle three balls 
at frequencies much higher than 1 Hz (ca. 2.5 Hz) and k 
values considerably lower than .75. Experts operate 
around other f i e d  points in the workspace, such as k = 

parently, (much) more learning time is required than 10 
times 1/2 h to achieve this. The important conceptual 
point, however, is that faster learners, just by virtue of 
the fact that they have discovered the fmed point of k = 

2/3 = .67 ( W  = 3) and k = 5/8 = .63 ( W  = 4). Ap- 
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Learning the Cascade Juggle 

.75, have acquired the ability to modulate, explore 
around the locking mode at k = .75, without losing (too 
much) stability. As argued in Beek (1989b), it seems to 
be a hallmark property of skillful biological systems 
that they operate close to mode-locking regimes without 
entering into them. Such systems seek the best of two 
worlds: stability and reliability on the one hand (mode 
locking) and adaptability and flexibility on the other 
(modulation). Recently, this notion has received further 
experimental and theoretical attention (DeGuzman & 
Kelso, 1991; Kelso, DeGuzman, & Holroyd, 1991). The 
implication for a theory of learning complex movement 
skills such as juggling is that the discovery of fuced 
points, relative to which modulation and transient 
behavior can take place, logically preceded the acquisi- 
tion of the ability to modulate around the mode-locked 
regimes, as is reflected in our second and third stage of 
learning. Behavioral flexibility in a wide range of opera- 
tions with multiple stable fixed points to resort to when 
necessary seems to be a defining characteristic of exper- 
tise in complex movement systems. 

In sum, the findings reported here support the general 
hypothesis that attaining the temporal solution of k = 
.75 is indeed an essential milestone to be overcome in 
learning how to juggle, and, in so doing, lend credibility 
to the analytic model presented in the Appendix. Espe- 
cially, the sensitivity of the k measures, as reflected in 
small differences that, nevertheless, produced strong 
statistical effects, underscores the appropriateness of k 
as an ensemble variable to describe the temporal order 
of (cascade) juggling. 

This leaves us with the question why the presence of a 
metronome, in addition to an instructor, proved to be 
of no help in learning the three-ball cascade. After all, 
given the fact that the problem of learning to cascade 
juggle is first and foremost a problem of mastering tim- 
ing rleations, the expectation that novice jugglers would 
benefit from an external pacing signal was plausible. 
Two explanations come to mind as to why this expecta- 
tion was not borne out. One explanation might be that 
the signal provided did not specify the required tem- 
poral structuring in sufficient detail. As intimated, the 
beep-beep interval only specified the rate of juggling 
and not the internal partitioning of the overall hand cy- 
cle durations in exact values of t, and t,, and, a 
forteriori, t,. It contained no information about the 
value of k = .75. Such would have been the case only if, 
in addition to the beep-beep interval, a particular cor- 
responding height criterion relative to the hands (e.g., in 
the form of a visual target) had been specified to the 
juggler. A second, more general explanation might be 
that learning to juggle is very much a closed process. By 
this we mean that the nature of the juggling workspace 
might be such that it is difficult to find a feedback form 
that can penetrate that space. The metronome manipu- 
lation rests on the assumption that there exists a specific 
mapping from the external time signal to the internal 
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temporal structuring of the component activities of jug- 
gling itself to which the juggler is sensitive. Perhaps this 
was not the case. 

A key assumption of the dynamical systems approach 
to movement coordination is that perceptual-motor 
tasks may be characterized by the existence of one or a 
few fuced points (such as k = .75) in the total set of 
values that the ensemble variable(s) for the task in ques- 
tion may attain. What we have demonstrated in this ar- 
ticle is that prior identification of these ensemble 
variable(s) and their invariant and variant properties in 
expert performers may provide a frame of reference 
with the help of which stages in a learning process may 
be distinguished and studied. Hence, it is also possible 
to study learning processes from a dynamical point of 
view in cases in which we do not know the initial state. 

From the point of view of dynamical systems theory, 
the challenge is to provide a principled, law-based, ac- 
count of the acquisition of a new skill in terms of the dy- 
namics of the developing workspace. The research 
reported in this article was directed at defining the pre- 
requisites of such an account. Empirical evidence was 
provided for the first two of the three stages expected in 
the development of the novice juggler’s performance, 
although the data contained glimpses of the third stage. 
To fully test this hypothetical third stage of learning 
(i.e., from W = 2 up to W = 12), however, we need to 
perform experiments in which subjects are followed for 
much longer learning times. Moreover, to exactly model 
the dynamics of the changing attractors layout all the 
way from the initial state of the novice to the con- 
siderably richer end state of the expert, we require fine- 
tuned analyses of the behavior of k and its range of 
operation on a cycle-to-cycle basis. 
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APPENDIX 
A more elaborate model for the internal partitioning of a 

juggling hand cycle and frequency locking between its 
dynamical components may be derived through an analysis 
based on what is called the Mathieu-Hill equation (see Whit- 
taker & Watson, 1962) 

X + d { I  + A(t)}x = 0. 
The essence of this equation is that it provides an expression 

for an oscillating system in which frequency and phase 
modulation may occur because of the presence of the time- 
dependent modulation term X(t), which, in a number of 
generalized cases, can be identified as a Lagrange multiplier. If 
X ( f )  = 0, the motion of the oscillator is perfectly harmonic. If 
X(t) # 0, the motion will be near- (or pseudo-) harmonic, or 
even erratic (when X[t] is large and stands in particular relation 
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to 0). Thus, only by manipulating the modulation term, a 
series of different dynamical regimes may be induced. This 
property makes the Mathieu-Hill equation a generic one. I t  
provides a reasonable model for an oscillating hand because 
rhythmic movements are usually frequency modulated to some 
degree. 

Let us now elaborate this picture of a frequency-modulated 
hand for the skill of cascade juggling. The basic structure for 
the law describing the temporal microstructure of the parti- 
tioning of the hand cyle time ( t h )  in the time that a hand is filled 
with a ball (I ,)  and the time that the hand is empty (1,) is 

where x represents the horizontal position of the oscillating 
hand, A is the amplitude of the modulation term, a is the mod- 
ulation parameter (determining how many times the modula- 
tion function passes through zero during the hand cycle), and 

To ensure that this modulated behavior of a hand moving 
with a ball goes, at ball release, into a stable harmonic mode, 
the value of the modulation function has to go to zero at this 
point in the hand loop. If n is the number of consecutive 
throws after which the initial situation (i.e., ball release) is 
regained in full, then this requirement can be met by obeying 
the rule 

wh = 2r/th.  

a ( A ) q t ,  = ( ~ / 2 )  + n r ,  
or 

a(A)(t, /th) = (1/4) + (n/2), with ( t , / t , )  < 1, 
with a(A) being rational. 

The preceding equations reveal that when modulation is to 
be restricted, discrete ratios between characteristic time scales 
have to be adhered to, resulting in specific ratios of t,/th. For 
the most basic conditions for phase locking between the 
angular frequency of modulation and the angular frequency of 
the hand, a(A) = 1 and n = 1, t)/th = 3/4-implying that 
stable, precise throwing is characterized by holding onto a jug- 
gled object for 3/4 of the cycle time of the hand. 

REFERENCES 

Austin, H. A. (1976). A computational theory of physical 
skill. Unpublished doctoral dissertation, Massachusetts In- 
stitute of Technology, Boston. 

Bernstein, N. A. (1%7). The coordination and regulation of 
movements. London: Pergamon Press. 

Beek, P. J. (1989a). Juggling dynamics Doctoral dissertation. 
Amsterdam: Free University Press. 

Beek, P. J. (1989b). Timing and phase locking in cascade jug- 
gling. Ecological Psychologv, I, 5 5 % .  

Beek. P. J. (in press). Inadequacies of the proportional dura- 
tion model: Perspectives from a dynamical analysis of tim- 
ing in juggling. Human Movement Science. 

Beek, P. J.. & Turvey, M. T. (1991). Temporalpatternings in 
cascade juggling. Manuscript submitted for publication. 

DeGuzman, C. G., & Kelso, J. A. S. (1991). Multifrequency 
behavioral patterns and the phase attractive circle map. 
Biological Cybernetics, 64, 485495. 

Fowler, C. A., & Turvey, M. T. (1978). Skill acquisition: An 
event approach with special reference to searching for the 
optimum of a function of several variables. In G. E. Stel- 
mach (Ed.), Information processing in motor control and 
learning (pp. 1-40). New York: Academic Press. 

Haken, H. (1977). Synergetics: An introduction. Heidelberg: 
Springer. 

Haken, H. (1983). Advanced vnergetics. Heidelberg: Springer. 
Haken, H., Kelso, J. A. S., & Bunz, H. (1985). A theoretical 

model of phase transitions in human hand movements. Bio- 
logical Cybernetics, 51, 347-356. 

Horgan, J. (1990). Profile: Claude Shannon. Scientific Ameri- 
can, 262, 22-22B. 

Kelso, J. A. S. (1984). Phase transitions and critical behavior 
in human bimanual coordination. American Journal of 
Physiology: Regulatory, Integrative and Comparative Phys- 
iology. 264, R1000-Rl004. 

Kelso, J. A. S., DeGuzman, C. G., & Holroyd, T. (1991). The 
self-organized phase attractive dynamics of coordination. In 
A. Bablo yantz (Ed.), Self-organization, emerging properties 
and learning. New York: Plenum Press. 

Kugler, P. N. (1986). A morphological perspective on the 
origin and evolution of movement patterns. In M. G. Wade 
& H. T. A. Whiting (Eds.), Motor development in children: 
Aspects of coordination and control (pp. 459-525). The 
Hague: Nijhoff. 

Kugler. P. N., Kelso, J. A. S., & Turvey, M. T. (1982). On the 
control and coordination of naturally developing systems. 
In J. A. S. Kelso & J. E. Clark (Eds.), The development of 
movement control and coordination (pp. 5-78). New York: 
Wiley. 

Lees, A. (1980). An optimized film analysis method based on 
finite difference techniques. Journal of Human Movement 
Studies, 6, 165-180. 

Minsky. M., & Papert, S. (1972). Perceptions. Cambridge, 
MA: M.I.T. Press. 

Newell. K. M. (1986). Constraints on the development of coor- 
dination. In M. G. Wade & H. T. A. Whiting (Eds.), Motor 
development in children: Aspects of coordination and con- 
trol (pp. 341-360). The Hague: Nijhoff. 

Newell, K. M., Kugler, P. N., Emmerik, R. E. A. van, & 
McDonald, P. V. (1989). Search strategies and the acquisi- 
tion of coordination. In S. A. Wallace (Ed.), Perspectives 
on the coordination of movement (pp. 85-122). Amster- 

Norman, D. A. (1976). Memory and attention. New York: 
Wiley. 

Raibert, M. (1986). Legged robots that balance. Cambridge, 
MA: M.I.T. Press. 

Saltzman, E. L., & Kelso, J. A. S. (1987). Skilled actions: A 
task-dynamic approach. Psychological Review, 94, 84-106. 

SchOner, G. (1990). Learning and recall in a dynamic theory of 
coordination patterns. Biological Cybernetics, 62, 39-54. 

SchOner, G., & Kelso, J. A. S. (1988a). A synergetic theory of 
environmentally specified and learned patterns of move- 
ment coordination. 1. Relative phase dynamics. Biological 
Cybernetics, 58, 7 1-80. 

SchOner, G.. & Kelso, J. A. S. (1988b). A synergetic theory of 
environmentally specified and learned patterns of move- 
ment coordination. 2. Component oscillator dynamics. 
Biological Cybernetics, 58, 8 1-89. 

dam: North-Holland. 

Steiner, G. (1988). Lernen [Learning]. Bern: Hans Huber. 
Whittaker, E. T., & Watson, G. N. (1%2). A course in modern 

analysis. Cambridge: Cambridge University Press. 
Wood, G. A. (1982). Data smoothing and differentiation pro- 

cedures in biomechanics. Exercise and Sport Sciences 
Reviews, 10. 308-362. 

Zanone, P. G., & Kelso, J. A. S. (in press). The evolution of 
behavioral attractors with learning: Nonequilibrium phase 
transitions. Journal of Experimental Psychologv: Human 
Perception and Performance. 

Submitted March 10, 1991 
R e v k d  June 22, 1991 

94 Journal of Motor Behavior 

D
ow

nl
oa

de
d 

by
 [V

rij
e 

U
ni

ve
rs

ite
it 

A
m

ste
rd

am
], 

[P
et

er
 B

ee
k]

 a
t 0

4:
10

 1
3 

A
ug

us
t 2

01
5 

View publication stats

https://www.researchgate.net/publication/8882316

